Unit II: ALGEBRA-II
Scalar Quantities and vector quantities:-

Scalar Quantities are defined as the physical quantities that have magnitude or size
only. For example, distance, speed, mass, density, etc. However, Vector quantities
are those physical quantities that have both magnitude and direction like
displacement, velocity, acceleration, force, mass, etc.

We have listed the various differences between a scalar and vector in the table
below:

Vector Scalar
Definition A physical quantity with both the magnitude and A physical quantity with only
direction. magnitude.

A number (magnitude), direction using unit cap or arrow

Representation )
at the top and unit.

A number (magnitude) and unit

Symbol Quantity symbol in bold and an arrow sign above Quantity symbol
Direction Yes No
Example Velocity and Acceleration Mass and Temperature

Vector Notation

For vector quantity usually, an arrow is used on the top as shown below, which
represents the vector value of the velocity and also explains that the quantity has
both magnitudes as well as direction.

VectorNotation = v

Types of Vectors
There are 10 types of vectors in mathematics which are:

Zero Vector

Unit Vector

Position Vector
Co-initial Vector

Like and Unlike Vectors

o s~ w DN PRE
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o

Co-planar Vector
Collinear Vector
Equal Vector

. Displacement Vector
10. Negative of a Vector

© © N

Zero Vector

A zero vector is a vector when the magnitude of the vector is zero and the starting
point of the vector coincides with the terminal point.

Unit Vector
A vector which has a magnitude of unit length is called a unit vector.

Suppose if x is a vector having a magnitude x then the unit vector is denoted by X

in the direction of the vector x and has the magnitude equal to 1.

Y

Z Unit vector

Position Vector

If O is taken as reference origin and P is an arbitrary point in space then the vector OP
is called as the position vector of the point.

P (Object)

O (Orgin)

Co-initial Vectors

The vectors which have the same starting point are called co-initial vectors.
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0(0.0,0)

z

—

The vectors AB and AC are called co — initial vectors as they have the same starting point.

Like and Unlike Vectors

The vectors having the same direction are known as like vectors. On the contrary,
the vectors having the opposite direction with respect to each other are termed to be
unlike vectors.

Co-planar Vectors

Three or more vectors lying in the same plane or parallel to the same plane are
known as co-planar vectors.

Collinear Vectors

Vectors that lie along the same line or parallel lines are known to be collinear
vectors. They are also known as parallel vectors.

Equal Vectors

Two or more vectors are said to be equal when their magnitude is equal and also
their direction is the same.
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The two vectors shown above, are equal vectors as they have both direction and

magnitude equal.

Displacement Vector

—

If a point is displaced from position A to B then the displacement AB represents a vector AB

which is known as the displacement vector.

Negative of a Vector

If two vectors are the same in magnitude but exactly opposite in direction then both
the vectors are negative of each other. Assume there are two vectors a and b, such
that these vectors are exactly the same in magnitude but opposite in direction then

these vectors can be given by

a=-b

Vector Addition and Subtraction :-

The addition and subtraction of vector quantities do not follow the simple arithmetic
rules. A special set of rules are followed for the addition and subtraction of vectors.
Following are some points to be noted while adding vectors:

e Addition of vectors means finding the resultant of a number of vectors acting on a body.
e The component vectors whose resultant is to be calculated are independent of each

other. Each vector acts as if the other vectors were absent.
e Vectors can be added geometrically but not algebraically.
e Vector addition is commutative in nature, i.e.,

>+-o=>4+->
A B B A

Now, about vector subtraction, it is the same as adding the negative of the vector to be

subtracted.
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To better understand, let us look at the example given below.
Let us consider two vectors, A and B, as shown in the figure below. We need to
subtract vector B from vector A. It is just the same as adding vector B and vector A.
The resultant vector is shown in the figure below.

>
wl

(v 8

- = =

C=A-B

Q. What is the magnitude of a unit vector?

Answer: The magnitude of a unit vector is unity. A unit vector has no units or
dimensions.
Algebraic Properties of Vectors

o« Commutative (vector) P+ Q=Q + P.

e Associative (vector) (P+ Q)+ R =P+ (Q +R)

« Additive identity There is a vector 0 such. ...

« Additive inverse For any P there is a vector -P such that P + (-P) = 0.

o Distributive (vector) r(P + Q) =rP + rQ.

e Distributive (scalar) (r +s) P =rP + sP.

components of a vector :-

The components of a vector in two dimension coordinate system are usually
considered to be x-component and y-component. It can be represented as,

V= (Vx, Vy), where V is the vector. These are the parts of vectors generated along
the axes.

Where V is the magnitude of vector V and can be found using Pythagoras theorem;

V] = V(v.2, v,2)
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Components of vector in 3D

To represent a vector in space, we resolve the vector along the three mutually
perpendicular axes as shown below.

The vector OM can be resolved along the three axes as shown. With OM as the
diagonal, a parallelepiped is constructed whose edges OA, OB and OC lie along the
three perpendicular axes.

h ¢
N
B/(-\Y. 0) M(x,y.z)
r
g Q
vk
*
- . > x
7 A(x, 0, 0) £
R
C R

The vector can be represented as
F'=0M =xi +yj+ zk
This is known as the component form of a vector.

= |r|=

V(&2 + y? +2%)
Example: Two vectors are given by a = 5;_ 3;- + 4,:, and b = 2;_;- + k Find the

unit vectors and the sum and difference of both the vectors.
Solution: The unit vector is given by

N
N X

[

The magnitude of both the vectors can be given as:
la = /52 + (—3)2 + 42

= |a| = V50

o] =22+ (-1)2 + 12 =6

Now, the unit vectors can be given as:
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A _ 5i-3j+4k
V50
N 2i-j+k
V6

The sum can be glven by

N N

a+b= 51 3j +4k+21 ]+k
The d|fference is glven by:

N

a-b=3;_ 2j + 3k

Direction Cosine :-

The direction cosine of the vector can be determined by dividing the corresponding
coordinate of a vector by the vector length. The unit vector coordinate is equal to the
direction cosine. One such property of the direction cosine is that the addition of the
squares of the direction cosines is equivalent to one.

We know that the direction cosine is the cosine of the angle subtended by the line
with the three coordinate axes, such as x-axis, y-axis and z-axis respectively. If the
angles subtended by these three axes are a, 3, and y, then the direction cosines are
COos a, cos [3, cos y respectively. The direction cosines are also represented by |, m,
and n.

A A A

Thus, the direction cosine of a vector A = ai + bj + ck is given as:

cosa =1= 4

V(@)? + UZ)Z +(c)?
wﬁ:m:JmP+gﬁ+®V
N (7 O () (o

Example : Determine the direction cosine of a line joining the point (-4, 2, 3)
with the origin.

Solution: Given that, the line joins the origin (0, 0, 0) and the point (-4, 2, 3). Hence,
the direction ratios are -4, 2, 3.

Also, the magnitude of a line = V[(-4)2+(2)>+(3)]

= V(16+4+9) = 29,

Therefore, the direction cosines are ((-4/429), (2/N29), (3/729)).
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Example : Find the direction cosine of a vector joining the points A(1, 2, -3)
and B(-1, -2, 1), directed from A to B.
Solution:
Given that, A(1, 2, -3) and B(-1, -2, 1) )

AB = (—1—1)i + (-2 2)j + (1 - (-3)k

AB = —22—4}+4k

Hence, the direction ratios are -2, -4, 4.
Magnitude = \[(-2)>+(-4)2+(4)7]
=\(4+16+16) = V36 = 6.
Thus, the direction cosines are (-2/6, -4/6, 4/6), which is also equal to (-¥5, -%4, #s)
Definition. The vectors @1, ..., |dn are called linearly independent if there are no
non-trivial combination of these vectors equal to the zero vector.

That is, the vector@l, ..., |@nj are linearly independent if X@l + ..+ Xn =0if
and only if X; =0, ..., Xn = 0.

Definition. The vectors @1, ..., |dn are called linearly dependent if there exists a
non-trivial combination of these vectors is equal to the zero vector.

Q.

Determine if the following set of vectors is linearly

independent:
2 1 4
2 - —1 . 2
(0] 1 —2

I've done the following system of equations, and |
think | did it right... It's been such a long time since
I did this sort of thing...

Assume the following:

SHEE R N H

Determine ifa — & — ¢ = O:
2a + b+ 4 = O (1)
2a — b+ 2¢ = O (2)
b — 2¢ =0 (3)
Subtract (2) from (1):
b+ c = 0 4
b — 2¢ = 0O (5)
Substitute (5) into (4), we get ¢ = O.
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When ¢=0
We can say that according to the condition
a=b=c=0
So when ¢=0 then
a=0, b=0.
So, the vectors are linearly independent .

Dot Product of two Vectors :-

DOT PRODUCT OF VECTORS

A

The scalar product of two vectors a and b of magnitude |a| and |b] is
given as |a||b| cos 8, where 0 represents the angle between the
vectors a and b taken in the direction of the vectors.

We can express the scalar product as:

a.b=|a||b| cosO

Projection of Vectors
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BP is known to be the projection of a vector a on vector b in the direction
of vector b given by |a| cos 6.
Similarly, the projection of vector b on a vector a in the direction of the
vector a is given by |b| cos 6.
Projection of vector a in direction of vector b is expressed as

Similarly, projection of vector b in direction of vector a is expressed as

B_) _a.b
= Q—Wa

Dot Product Properties of Vector:

e Property 1: Dot product of two vectors is commutative i.e. a.b =b.a = ab cos
0.

e Property 2: If a.b =0 then it can be clearly seen that either b or a is zero or
cos 6 =0.

:>6:E._
2

It suggests that either of the vectors is zero or they are perpendicular to each
other.

e Property 3: Also we know that using scalar product of vectors
(pa).(gb)=(pb).(qa)=pq a.b

e Property 4: The dot product of a vector to itself is the magnitude squared of
the vector i.e. a.a =a.a cos 0 = a2

e Property 5: The dot product follows the distributive law also i.e. a.(b + ¢) =
ab+a.c

e Property 6: In terms of orthogonal coordinates for mutually perpendicular
vectors it is seen that

ii=jj=kk=1

e Property 7: In terms of unit vectors, if
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A A Ay A

a=a1i +a2j+a3kandb=b1i +b2]+b3k

Then

a.b = (ali + azj + agk). (bll + bz] + b3k)

= a,b; + ayb, + aszb; = ab cosO

Example 1: Let there be two vectors [6, 2, -1] and [5, -8, 2]. Find the dot
product of the vectors.

Solution:

Given vectors: [6, 2, -1] and [5, -8, 2] be a and b respectively.

a.b = (6)(5) + (2)(-8) + (-1)(2)

ab=30-16-2

ab=12

Example 2: Let there be two vectors |a|=4 and |b|=2 and 8 = 60°. Find
their dot product.

Solution:

a.b = |al|b|cos 6

a.b =4.2 cos 60°

a.b=4.2x(1/2)

ab=14

m Find the Dot Product to Determine Orthogonal

Vectors in Space

A. Find the dot product of u and v foru = {1, 6, —3)
and v = (3, —1, —3). Then determine if u and v are
orthogonal.

u-v =—1(3) + 6(—1) + (—3)(—3)
=—3+(—6)+9o0r0
Since u » v = 0, u and v are orthogonal.

Answer: O; orthogonal

Vector product (Cross Product) of two vectors :-

The Vector product of two vectors, a and b, is denoted by a x b. Its resultant vector
is perpendicular to a and b. Vector products are also called cross products. Cross
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product of two vectors will give the resultant a vector and calculated using the Right-

hand Rule.
o~
Ax B
B
a
n
o
B x A A
=-A x B
v

Cross Product Formula ;-

A x B =|A| |B| sin 8 Or,
A X B = ||A]| ||B||sinf n
Here,

- -

A, B are the two vectors.

are the magnitudes of given vectors.

)

1) |I#

0 is the angle between two vectors

n is the unit vector perpendicular to the plane containing the given two vectors, in the direction given by the right — hand rule.

NOTE:ixj=kandjxi=-kjxk=iandkxj=-ikxi=jandix k =-j

Also, the anti-commutativity of the cross product and the distinct absence of linear
independence of these vectors signifies that:

ixi=jxj=kxk=0

Cross Product Matrix :-

We can also derive the formula for the cross product of two vectors using the
determinant of the matrix as given below.

A=ai+bj+ckB=xi+yj+zk

Thus,
i j k
a b
x 'y

AXB=

Cc
Z
A x B =(bz-cy)i—(az — cx)j + (ay — bx)k = (bz — cy)i + (cx — az)j + (ay — bx)k
Right-hand Rule Cross Product :-
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We can find the direction of the unit vector with the help of the right-hand rule.

Cross Product Properties :-

1. Anti-commutative F’rt:q::ert’_,,r AxB=-Bx A
2. Distributive F‘mpert}r fil % [B + C:] Ax B —|— AxC

3. Jacobi Property: A x [BXU)+BK(GXA)+UX(AKB}_U
4. Zero Vector Property:@ x b =0ifa=0orb =0.

Cross Product of Perpendicular Vectors :-

L

X x Y = |X].|Y|sin8

L

X x Y = |X|.|Y]|sin90°

X xY =|X|.|Y],
which is equal to the area of a rectangle.

Hence, the cross product of the perpendicular vectors becomes

—

X xY = |X].|[¥|
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Cross Product of Parallel vectors :-

X x Y = |X|.|Y|sin8
X x Y = |X|.|Y]sin0°
X xY =|X|.|Y|x0

Hence, the cross product of the parallel vectors becomes

—

X x Y = 0, which is a unit vector.

Magnitude of Cross Product :-
Let us assume two vectors,
A= Ay +A, + A,
§=&+%+&

Then the magnitude of two vectors is given by the formula,
|A| = \/A,ZC + A3 + Az

|B] =\/B,§+By2 + B?

Hence, the magnitude of the cross product of two vectors is given by the

formula,
|A x B| = |A||B||sind|

Example: Find the cross product of the given two vectors:

- - -

X=5i+6j+2kandY =

ﬁ
[

+j+k

Solution: Given:

- - -

X=5i+6j+2kandY =

N
[

+j 4k
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To find the cross product of two vectors, we have to write the given
vectors in determinant form. Using the determinant form, we can find the
cross product of two vectors as:

- -

i

=1

- - Ji
X XY= 6
1 -

Y =(6- 2)1—(5—2)]+(5—6)k

-

41—3j—k

5
1 -
By expanding, x
Therefore, ;( X ;

2
1
X

Q.

Finda x b ifa = 2i +kandb =i + k + k.

Solution: Given

a=2i+0j+kady — 4k ik
So

- i
axb=|, 0 1l
1 1 1

=i(0-1)—j(2-1) + k(2 - 0)

—~
=

A A

= —i—j+2k

Scalar Triple Product:-

If it is given that
a= alg + asz' + aglAc
b= b1§ + szA' + bglAc
c= clg + Cz} + c3lAc
Then, itis evident that the scalar triple product of vectors means the product of three
vectors. It means taking the dot product of one of the vectors with the cross product

of the remaining two. It is denoted as
[abc]=(axhb).c
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The following conclusions can be drawn, by looking into the above formula:
i) The resultant is always a scalar quantity.
i) Cross product of the vectors is calculated first, followed by the dot product which
gives the scalar triple product.
iii) The physical significance of the scalar triple product formula represents the
volume of the parallelepiped whose three coterminous edges represent the three

vectors a, b and c. The following figure will make this point more clear.

we can conclude that for a Parallelepiped, if the coterminous edges are denoted by

three vectors and a, b and c then,
Volume of parallelepiped = (axb)ccosa= (axb).c
Where a is the angle between (a xb) and c.

then, we can express the above equation as,

A A A

i j koo
(@axXb).c=|g, a, asl(c1i+caj+c3k)

by b; b

i. (Cli+02j+03k) j (C1i+C2j+C3k) k. (C1i+C2j+C3k)
(axb).c=| a, a, a, |
by b, bs

A A A A A A

i.i=jj=kk=1(Ascos0 = 1)

A A A A

= i. (Cli + C2j + Cgk) =C

A A A A

= j.(cql + c3j + c3k) = ¢,

A A A

= k. (Cll + Czj + C3k) = C3

€ C2 (3
a, a, as
by b, b;

= (axb).c=
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Ci1 Cp C3
a; a; aj
b, b, bs

[abc] =

Properties of Scalar Triple Product:
i) If the vectors are cyclically permuted, then (axb).c =a.(b xc)
i) The product is cyclic in nature, i.e., a.(b x ¢) =b.(c x a) = c.(a X b)
Thus,
[abc]=[bca]=[cab]==[bac]==-[cba]=-[achb]
iii)[aab]=[abb]=[acc]=0
Example: Three vectors are given by, )
a=iith,
b= 2Ai +Aj +Ak
c=i+j-2k
By using the scalar triple product of vectors, verify that
[abc]=[bca]l]=-[ach]
Solution: First of all letus find [ab c].
[abc]=(axb).c

c; €y C3
We know that[abc] = |1 az as
by by b3

1 1 =2

>labc]=[1 -1 1

2 1 1

=>[abc]=1(-1-1)-1(1-2)-2(1+2)=-2+1-6=-7
Now let us evaluate [bca]and[a c b ] similarly,

a; a; as 1 -1 1
= [bcal=|b1 by bs[=12 1 1
€1 C2 (3 1 1 =2
=1(-2-1)+1(-4-1)+12-1)=-3-5+1=-7
b, b, by 12 1 1
s> lacbl=|a;, a, azl=11 -1 1
¢4 C as 1 1 -2

=22-1)-1(-2-1)+11+1)=2+3+2=7
Hence it can be seenthat[abc]=[bca]=-[achb]
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Triple Cross Product

The product of three vectors is called the triple product; in other words, the cross

product of one vector with the Cross product of another two vectors.
If we have three vectors, A B and C
then the vector triple product is denoted as follows:

Ax(BxC)=(A.C)B-(A.B)C
(AxB)xC=-Cx(AxB)=—-(C.B)A+(C.A)B

Cross Product Rules:-
Anti-Commutative Property

The cross product is an anti-commutative property

ltmeans 4 « B =B x 4

Distributive Property:-

The cross product has the distributive property over addition.
Ax(B+C)=AxB+AxC

Jacobi Property:-

Cross-product will satisfy the Jacobi property.

;1)><(Exz)+§x(zx2)+gx(2x§)=0

Zero Vector Property:-
aXb=0ifa=00rb=0

Important results :-

1. The area of a parallelogram with adjacent sides is
Eand;isﬁxa

2. The area of a triangle whose adjacent sides are
Eand;is %|EX;|

3. The area of a triangle ABC is

1|AB x AC| or 1|BC x BA| or |CB x CA|

4. The area of a parallelogram with diagonals is
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@ and b is %|c_1)><b|
5. The area of a plane quadrilateral ABCD is
%|AC X BD|, AC and BD are the diagonals of it.

Cross Product in Spherical Coordinates :-

The resultant vector of the cross product of two vectors is perpendicular
to both vectors, and it is normal to the plane in which they lie. We can
use spherical coordinates in a 3-dimensional system to represent the
same. We can define any vector in a 3-dimension system as, first,
radical distance r, i.e. the distance of a fixed point to the origin, and
second, the polar angle 6 and third, azimuth angle ¢.

We know that the transformation from Cartesian to spherical is

X =rsin B cos ¢

Y =rsin B sin ¢

Z=rcosH

Example: A=i+2j+3k,B=2i+3j-2k,C=i+j+Kk.

Find Ax(BxC),ifAx(BxC)=(A.C)B-(A.B)C

Solution:

AC=(+2j+3k).(i+j+k)=6

AB=(i+2j+3k).(2i+3j—-2k)=2

Then, A x (B x C)=6(2i + 3j — 2k) — 2(i + + k)

=10i — 16j — 14k

Example : Find the unit vector to the two vectors:

RN A A N A A A

A=2i+(-1)j+3k B=i-2j+2k

Solution: | ot ¢ be the unit vector.

Cross-product of A and B,

A A A

= 4i-j-3k

)
X
ool
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- C
Now unit vector in the direction of C is —.

]
c| =vz6
Therefore desired unit vector is (1/726) (4i — j — 3k)

Example : What is the number of vectors of unit length perpendicular to
vectorsa=(1,1,0)and b=(0, 1, 1)?

Solution:
The vec-tor_perpendicular toaandbis
a><b=|; i l(;l =i—j+k
0 1 1
Since the length of this vector is V3, the unit vector perpendicular
toaandb is:

axb
~ |laxb|

I I
=t (-j+k)

Hence, there are two such vectors.

IMAGINARY NUMBER:-

An imaginary number is a real number multiplied by the imaginary unit i, which is
defined by its property i2 = =1. The square of an imaginary number bi is —b2.
For example, 5i is an imaginary number, and its square is —25.

the rules for some imaginary numbers are:

e i=+-1
. i?=-1
o 3=

e = +1
. =1

j4n-l=

Example: Solve the imaginary number i’
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Solution: The given imaginary number is i’
Now, split the imaginary number into terms, and it becomes
i"=i2xi2xi2xij
i"=-1x-1x-1xj
i"=-1xi
i"=—i
Therefore, i’is —i.
Complex number :-
Complex numbers are the combination of both real numbers and imaginary
numbers. The complex number is of the standard form: a + bi
Where
a and b are real numbers
i IS an imaginary unit.
Real Numbers Examples : 3, 8, -2, 0, 10
Imaginary Number Examples: 3i, 7i, -2i, Vi
Complex Numbers Examples: 3+41i,7-13.6i,0+25i=25i,2 +1.
Addition of Numbers Having Imaginary Numbers
When two numbers, a+bi, and c+di are added, then the real parts are
separately added and simplified, and then imaginary parts separately
added and simplified. Here, the answer is (a+c) + i(b+d).
Subtraction of Numbers Having Imaginary Numbers
When c+di is subtracted from a+bi, the answer is done like in addition. It
means, grouping all the real terms separately and imaginary terms
separately and doing simplification. Here, (a+bi)-(c+di) = (a-c) +i(b-d).
Multiplication of Numbers Having Imaginary Numbers
Consider (a+bi)(c+di)
It becomes:
(at+bi)(c+di) = (a+bi)c + (a+bi)di
= ac+bci+adi+bdiz
= (ac-bd)+i(bc+ad)
Division of Numbers Having Imaginary Numbers
Consider the division of one imaginary number by another.
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(a+bi) / ( c+di)
Multiply both the numerator and denominator by its conjugate pair, and
make it real. So, it becomes
(a+bi) / ( c+di) = (a+bi) (c-di) / ( c+di) (c-di) = [(ac+bd)+ i(bc-ad)] / c2+d=.

Equality of Complex Numbers

Assume that z, and z, are the two complex numbers.

Here z, = a,+i b, and z, = a,+ib;

If both the complex numbers z; and z, are equal (i.e) z, = z,, then we can
say that the real part of the first complex number is equal to the real part
of the second complex number, whereas the imaginary part of the first
complex number is equal to the imaginary part of the second complex
number.

(i.e) Re(z.) = Re(z.) and Im(z.) = Im(Z,)

Thus, the equality of complex number states that,

if a,+ib, = a,+ib,, then a, = a, and b, = b.,.

Example: z, = a+3i, z, = 4+bi, z; = 6+10i.Find the value of a and b if
Zs = 2:+2,

Solution:

By the definition of addition of two complex numbers,

Re(z; ) = Re(z: )+Re(z.)

6=a+4

a=6-4=2

Im(z: ) = Im(z.) + Im(z.)

10 = 3+b

b=10-3=7

Example: z, =4+al,z,=2+4i,z; =2. Find the value of a if z;=z,-2,
Solution:

By the definition of difference of two complex numbers,
Ims=Im.-Im,

0O=a-4
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a=4

Example: z,=6-2i, z,=4+3I. Find z, z,
Solution:

Z: Z, = (6-2i) (4+3i)
=6x4+6x3i+(-20) x4+ (-2i)(3i)
=24 + 18i — 8i — 6i2

=24 +10i + 6

=30 + 10i

Multiplicative inverse of a complex number

Definition: For any non-zero complex number z=a+ib(a#0 and b#0) there
exists another complex number z* or 1/z, which is known as the
multiplicative inverse of z such that zz* = 1.

Z = a+ib, then,

_ a . (=b)
Zl:a2+b2+la2+b2
Rez )=
Im(z ) = —
m(z )_a2+b2

Example: z = 3 + 4i. Find the inverse of z.
.4 L a . (-b) _ (a-ib)
Solution: z7* of a+ib = T L

The numerator of z1 is conjugate of z, thatis a —ib

Denominator of z1 is sum of squares of the Real part and imaginary part
of z

Here, z= 3 + 4i
1 3—4i 3 — 4

~ 324142 25
3 4

~ 25 25
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Example: If zz=2 + 3iand z; = 1 +1, find z./z..
Solution: i—l =z, X L

2 Z2

2+3i_(2+3_)>< 1
1+i LA

1 1—i 1—i
14+i 12412 2
2 + 3i 1—i (2+3)(1—1)

—24+3ix
1+ ToLx—; 2

_2-2i+3i—3i2_5+i
B 2 2

Since,

Conjugate of Complex number

Conjugate of a complex number z=a+ib is given by changing the sign of
the imaginary part of z which is denoted as

z

zZz=a—1ib
zZ+z=2a
z— 7 = 2bi

Properties of the Conjugate of a Complex Number

Below are some properties of the conjugate of complex numbers, along
with their proof

(1)21 i Zy = 21 i 22
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(2)

Z9. 23 = Z_J_.Z_z

Proof letz,=a+iband z,=c+id

Then, z,.z. = (a+ib). (c+ id)

= ac + iad + ibc + i%hd
= ac +iad + ibc — bd

= ac— bd + i{ad + be)
= ac — bd — i{ad + bc)
= ac + i*bd — iad — ibc
= ac — ibc + i’bd — iad
= cl(a —ib) —id(a — ib)
= (a —ib).(c —id)
=Z).Z

2y, _ &1
3. {:; ==

Z3

B L
Proof: (zz) = (Zl-z-:)
Using multiplicative property of conjugate we have

ﬁfx-{i)

Proof: letz=a+ib

Then,Z =a+ib=a—ib=a+ib=z

5 Ifz=a+ib
Then, zZ = a® + b*= |z|?

Proof: z.Z= (a + ib) (a + ib) = (a + ib)(a - ib) = a? — i2b%= a2+b?= |z
Points to Remember:
e z+4+z=2Re(2)

o z-7=2I Im(z)
e If z liesin the 1st quadrant, then
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2 will lie in the 4th quadrant, and 2
will lie in the 2nd quadrant.

e Ifx+iy=1f(a+ib) then x—iy =f(a—ib)
e Further, g(x +iy) =f(a +ib) = g(x —iy) = f(a — ib).

Modulus of a Complex Number :-

The modulus of the complex number is the distance of the point on the Argand plane
representing the complex number z from the origin. Let P is the point that denotes
the complex number, z = x + iy. Then, OP = |z| = V(x? + y?).

Note:

1. |z| > 0.

2. All the complex numbers with the same modulus lie on the circle with
the centre origin and radius r = |z|.

Properties of Modulus of Complex Number

Below are a few important properties of the modulus of a complex
number and their proofs.

(1) |21 Z2| = |z4]|z2|

(i) |zo/ z2 | = (|z4]) 1 (|22))-

Some other important results:

Triangle inequalities:
|21 + 22| < |za] + |22

|21 + z2| 2 |z1] — |22]

|21 — 72| 2 |za| — |22].
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Example 1: Find the conjugate of the complex number z = (1 + 2i)/(1 —
2i).
Solution: z = (1 + 2))/(1 - 2i)
Rationalising given the complex number, we have
=z=(1+2)(1-2))x (1+2)(1+2i)
= z=(1+ 20)¥(12 - (2i)?)
=>z=(1+4i2+4)/(1+4)
=>z=(1-4+4)/(1+4)
= z=(-3+4i)/5

=
(—3-40)
5
Example 2: Find the modulus of the complex number z = (3 — 2i)/2i

Solution: z = (3 — 2i)/2i
=z =(3)/2i — 2i/2i
=>z=3/2i-1
=z=3i/(22) -1
=2z=(-3i/12)-1

~ = (=27 + (-12

=z =

9
= |z| = E+1
_ {9+4
==y
= |z| = 1T3|
;‘rlzle

F]

Example 3: If z + |z| = 1 + 4, then find the value of |z|.
Solution: Letz=x+1y

=>z+|z|=1+A4i

=>X+iy+|x+iy|=1+4i

> x+iy+Vxe+y?) =1+ 4i
sy=4andx+Vpe+y2)=1
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S>x+Vxe+42)=1
>AVxe+42)=1-x
Squaring both sides, we have
> x2+42=1+x>—-2X
= 2X =-15
or x =-15/2
= |z| = %% + 7

4
— 225 -+ &4

- |z| = [225+ 54
— 289

= |z| = [252
AT

= |z = 5

Polar Form Equation

The equation of polar form of a complex number z = x+iy is:
z=r(cosb+isinB)

where

r=lz|=\(x*+y?)

X=r cosf

y=r sin®

B=tan"(y/x) for x>0

B=tan"(y/x)+1 or

B=tan"'(y/x)+180° for x<0 .

Converting Rectangular form into Polar form

Let us see some examples of conversion of the rectangular form of complex

numbers into polar form.
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Example: Find the polar form of complex number 7-5i.
Solution:7-5i is the rectangular form of a complex number.
To convert into polar form modulus and argument of the given complex number, i.e. r
and 6.
We know, the modulus or absolute value of the complex number is given by:
r=|z|=Vx2+y?
r=\(72+(-5)2
r=\49+25
r=\74
r=8.6
To find the argument of a complex number, we need to check the condition first,
such as:
Here x>0, therefore, we will use the formula,
B=tan(b/a) = 6=tan}(5/7) = 35.54°
Since 7-5i is in the fourth quadrant, so
0=360°-35.54° = 324 .46°
Hence, the polar form of 7-5i is represented by:
7-5i=8.6(cos 324.5°+i sin 324.5°)

EXAMPLE: Convert the given complex number in polar form : 1-i
Solution :Given, z=1-i

Let rcosB=1 and rsinB=-1

On squaring and adding, we obtain
r’cos?0+r’sin?0=12+(-1)
=r2(cos’6+sin’0)=2

=r2=2

=r=2 (since,r>0)

~2cosB=1 and 2sin6=-1

~0=-4r (As 0 lies in fourth quadrant.)
So, the polar form is
~1-i=rcosB+irsinB=2cos(4-m)+i2sin(4-m)
=2[cos(4-T)+isin(4-10)]
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De Moivre’s Theorem
Mathematical Statement: For any real number x, we have
(cos x + i sin x)" = cos(nx) + i sin(nx)
OR
(ei®)n = gind
Where n is a positive integer and “i “ is the imaginary part, and i = V(-1).
Also, assume iz = -1,

Uses of De Moivre’s Theorem:-

To find the roots of complex numbers

If z is a complex number, and z = r(cos x + i sin x) [In polar form]
Then, the nth roots of z are:

X+ 2km . X+ 2km
) + isin(

r%(cos( )

Wherek=0,1, 2,.....,(n—1)

If k = 0, the above formula rleduce; to .
rn(cos(a) + isin(ﬁ))

Q. Evaluate (1 +i)0%,

Solution:

Letz=1+i

We have to represent z in the form of r(cos 6 + i sin 0).

Here,

Argument = 8 = arc(tan (1/1) = arc tan(1) = /4

Absolute value =r
=(1)2+(1)2=2

Applying DeMoivre’s theorem, we get
71000 = [\2{cos(TT/4) + i sin(1T/4)}]*0%

= 21000 {c0s(1000TT/4) + i sin(100011/4)}
= 21000 {1 +j (0)}
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— 21000

Problem 1: Evaluate (2 + 2i)®

Solution: Letz=2 + 2i

Here, r = 272 and 6 = 45 degrees

Since z lies in the first quadrant, sin6 and cos6 functions are positive.
Applying De Moivre’s Theorem,

78 = (2 + 2i)° = (24/2)® [cos 45° + i sin 45°]°

= (212) [cos 270° + i sin 270°]°

=—-512i

Problem 2: Express five fifth-roots of (V3 + i) in trigonometric form.
Solution:

We know, z = a + ib = r(cos x + i sin x)

Where

r=+a%+ b?

and tan x = (b/a)

So,

Here, r =2 and 6 = 30 degrees

Therefore, z = 2[cos(30° + 360° k) + i sin cos(30° + 360° k)]
Applying the nth root theorem,

7Y% = {2[cos(30° + 360° k) + i sin cos(30° + 360° k)[}5

= 215 [cos((30° + 360° k)/5) + i sin cos((30° + 360° k)/5)] ...(1)
Where k =0,1,2,3,4

Atk =0; (1)=>z1 =2 [cos 6° + i sin 67]

Atk =1; (1)=>z1 =2 [cos 78° + i sin 787]

Atk =2; (1)=>z1 = 2¥%[cos 150° + i sin 150°]

Atk =3; (1)=>z1 = 2% [cos 222° + i sin 2229]

Atk =4; (1)=>z1 = 25 [cos 294° + i sin 2949]

Problem 3: Express

(cos9+isine)4

in a+ib form.

sin@+i cos@
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Solution:
(cos@ + isin0>4
sin@ + i cosO
_ (cos 0 +isind)*

"~ i*( cosf-isinf)*
=(cos 40 +isin40)/(cos 40 —isin40)
By rationalising the fraction, we have
= (cos 40 +isin 40 )?/ (cos? 40 —i sin?48)

= cos 86 + i sin 86

Example :-

I8
: AT : /4
siIn—+icos— | .
( 6 6J

Solution

We have, sir1£-t~icosZ = i(cosl—isinz)
6 6 6 6
Raising to the power 18 on both sides gives,
I8 I8
v IO g b4 18 7 S ;
(sm—+zcos—) = (#) (cos——zsm—)
6 6 6 6
(—l)(cos-lﬁf-r--isin-l—gi)
6 6

= —(cos3m —isin37)=1+0i.

Il
—
:

I8
Therefore, (sin T Licos E)
6 6

Q.

1+cos20 +isin 20 Jm
1+cos20—isin20 )

Simplify (
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Solution:-
Let z = cos20+isin20.
As |z|= |:|2=::_:l,wegetE=%=cos29—isi1120.
 si z (1+z2)z
Therefore. 1+ cos 20 +isin 20 _ l+-=( ) i

1+cos260 —isin 260

2 =(cos 20 +isin20 )

it 30
Therefore, ( 1+co0s 260 +isin 20 )

1+cos20 —isin20

= cos600 +isin 600 .
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